Abstract. The discussion on noncontextual hidden variable models as an underlying description for the quantum-mechanical predictions started in ernest with 1967 paper by Kochen and Specker. There, it was shown that no noncontextual hidden-variable model can give these predictions. The proof used in that paper is complicated, but recently, a paper by Yu and Oh [PRL, 2012] proposes a simpler statistical proof that can also be the basis of an experimental test. Here we report on a sharper version of that statistical proof, and also explain why the algebraic upper bound to the expressions used are not reachable, even with a reasonable contextual hidden variable model. Specifically, we show that the quantum mechanical predictions reach the maximal possible value for a contextual model that keeps the expectation value of the measurement outcomes constant.
INTRODUCTION
"Can the quantum-mechanical description be considered complete [1] ?" This discussion started in the 1930's [1] [2] [3] , but continues to this day: can quantum mechanics (QM) can be completed with additional hidden variables (HVs), that would provide a more detailed description of the world? There is, of course, the possibility to use the QM-predicted probability distributions as a HV model [4] , as a basis for event space and probability measures. Indeed, there are explicit HV theories, such as Bohmian mechanics [5, 6] , which can reproduce all experiments up to date. Thus, the discussion needs to be more specific, and include additional desirable properties, in the form of restrictions on the structure of the HV model. One such restriction is that of using local HV models, in which case one can derive Bell's theorem [7] . Bell's theorem states that local HV models cannot reproduce the QM correlations in experimental setups with spatial separation between measurement sites, for specific (entangled) states. In this paper, we will take a different set of restrictions, but we note that local HV models can be tested in experiment [8] [9] [10] .
In this paper we will instead concern ourselves with so-called noncontextual HV (NCHV) models, for which one can derive the Kochen-Specker (KS) theorem [11] [12] [13] . Noncontextual HV models are models in which results of measurements do not depend on which other compatible measurements are (have been) performed. These concepts will be described below. In a nutshell, the KS theorem states that NCHV models cannot reproduce the QM predictions. This impossibility occurs already for a single three-level system, so it is not related to entanglement.
There have been several proposals to test the KS theorem [14] [15] [16] [17] [18] [19] [20] [21] [22] , but there also have been debates about whether the KS theorem can be experimentally tested at all [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . Nevertheless, recent progress in the field enables experimental tests, see for example [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] . This paper will be concerned with a new development: a statistical inequality by [45] that gives a state-independent violation for any QM state, proving that NCHV models cannot give the QM predictions. We will give a short review of relevant concepts, the statistical inequality and its violation, and also sharpen the result of [45] somewhat. We point out that the algebraic maximum of the statistical expression is far from the achieved value for both NCHV models and QM, and that there is a good reason for this. While a general contextual HV (CHV) model can reach the algebraic maximum, a more reasonable CHV model (that keeps expectation values constant independent of the context) is bounded. We note that, in the statistical inequalities that we use, QM reaches this later bound, and thus violates the inequality maximally.
QUANTUM PREDICTIONS
We will now briefly review what noncontextuality means; what restrictions are imposed on a HV model when using this notion. The simplest system that can be used is a spin-1 system. This is a (quantum) system that exhibits a magnetic dipole moment of a certain magnitude, that we normalize to 1 here. The reason for the term "quantum" is that measuring the magnetic dipole moment along some chosen direction, the result is quantized. A measurement of magnetic dipole moment consists of sending the particle into a so-called Stern-Gerlach analyser which uses a non-uniform magnetic field to bend the trajectory 1 of the particle 1 depending on its magnetic dipole moment along the direction in which the external magnetic field is non-uniform. The trajectory bends "up" by a well-defined amount (+1), does not bend at all (0) or bends "down" by the same well-defined amount (−1), see Fig. 1 .
Simultaneous measurements along several directions are not possible since the two external fields would add, giving the result from a third direction rather than separate results for the two desired measurements. Measurements of magnetic dipole moment along different directions would therefore be non-compatible, although a complete analysis of this would be lengthy and out of the scope of this paper.
Within QM, this is represented in the form of measurement operators on the state space, a complex vector space, in this case finite-dimensional. The results are encoded as eigenvalues of the operators, and operators corresponding to measurement along different directions cannot be diagonalized simultaneously. Some examples are
Schematic of a Stern-Gerlach measurement giving three possible measurement outcomes when measuring magnetic dipole moment of a spin-1 system along a chosen direction.
These do not commute; they cannot be diagonalized simultaneously. Denoting the vector with the above entries s, a measurement along a general direction v is given by
These operators do not commute for different values of v. The probability of a certain result is calculated via projection onto the relevant eigenspace
for a pure state (and using the trace rule otherwise, for a complete description, see some good textbook on QM). Within classical probability theory, on the other hand, the basic object is a probability space (Λ, F , μ). Here μ is measure on F , the family of subsets of the sample space Λ known as events. Measurement outcomes are represented as values of random variables, which are functions
The probability is here calculated using μ as
This is often referred to as a "hidden variable" (HV) model, and the hidden variable is the sample λ , a point in the sample space.
THE KOCHEN-SPECKER THEOREM
In the above quantum system, the measurements we presented are not possible to perform simultaneously. This means that the measurement outcomes cannot be directly compared, so to allow this we modify the setup slightly. The modification is to introduce enough structure to be able to compare some outcomes. A good way of doing this is to restrict our measurement somewhat, so that we only distinguish the two sets {0} and {±1}. Let us map −1 onto +1, in QM this corresponds to squaring the measurement operators, giving
These do commute, which is visible from a change of basis which gives
This means they are measurable simultaneously, and it is well known and immediately visible that
It is also immediately clear that two of the outcomes will be 1 and the third will be 0, and that P S
We can now ask the question if there exists a family of random variables
with the above property, that gives the QM predictions, for every possible choice of the mutually orthogonal directions x, y, and z? Somewhat surprisingly, the answer is no! Theorem (Kochen-Specker, 1967 [13] ): No function f :
for every possible choice of orthogonal triplets x, y, and z Before turning to the proof of this theorem, one could ask what would be required to make the family exist, and the answer is simple: make the family larger. Using the context of each measurement, i.e., which compatible measurements that are performed together with the measurement in question, will make the family large enough. That is, letting the random variables depend on the whole measurement setup, as in FIGURE 2. a) The set of directions used in Peres' proof [46] . This cannot be colored green and red so that i) any vector orthogonal to a pair of orthogonal red vectors is green, and ii) any vector orthogonal to a green vector is red. b) The set of directions used in Yu and Oh's statistical inequality [45] . This set can be colored using our red-green coloring rules (color online; in b/w, green is lighter gray than red), but it is not three-colorable.
can be written much simpler in the form of Eq. (10), and is called a noncontextual model because the measurement outcomes would not depend on the context. No such model exists, by the above theorem.
Proof (Peres, 1991 [46] ): The original proof from [13] 
is more complicated than we want to use here (the main idea is briefly explained in [47]). Therefore, we use a simpler proof by Peres, that uses 33 vectors in 3D that make up 40 triplets (if completed with 24 additional vectors [18]), see Fig. 2a. Even this finite subset of directions has the property that no function exists so that the sum is 2 for all orthogonal triplets. The easiest argument to understand is by coloring: try to color the directions green and red so that i) any vector orthogonal to a pair of orthogonal red vectors is green, and ii) any vector orthogonal to a green vector is red. It is reasonably simple to convince oneself that this is impossible.

A STATISTICAL INEQUALITY
The Peres set depicted in Fig. 2a is minimal in the sense that it immediately becomes colorable if any one vector is removed. Despite this, it is not minimal overall since there is a smaller (but different) set of vectors that still is not colorable, by Kochen and Conway, reported in [48] . Despite this, we will remove all but 13 vectors, as recently proposed by Yu and Oh [45] ; the resulting set is colorable with our red-green coloring rules, see Fig. 2b and Fig. 3 . 2 This means that the KS theorem does not hold, so that there exists a function f that sums to two for all ON triples in the Yu-Oh set. Nonetheless, a statistical contradiction can be obtained from the set. To write this down, we need to go from the +1, 0 labeling of the outcomes to using ±1 outcomes. (Within quantum 
(1, 0, 1) T v 9 (1, 1, 0) T v 10 (−1, 1, 1) T  v 11 (1, −1, 1) T  v 12 (1, 1, −1 ) T v 13 (1, 1, 1) T The quantum-mechanical prediction violates this with a value of 32 + 4/3, so it is immediately obvious that a NCHV model cannot give the QM prediction. We can also make three other observations: first, the coloring rules are not needed in the proof. Of course, one would not expect the coloring rules to make a difference since the set itself is colorable, but one can also see that in the proof there is no restriction to the allowed assignments. The proof simply tests all assignments for the maximal value, but the highest possible total is still lower than the quantum prediction. Second, the quantum value is state-independent and always = 32 + 4/3. This is because if v i , v j and v k are orthogonal, then
and
Furthermore, since A 10 , A 11 , A 12 and A 13 form a POVM, their sum is proportional to the identity,
Because of this, it is possible to rewrite
Our starting point determines the total and δ = −2, although some individual α i jk , β i jk , and γ i jk are not uniquely determined. Doing the sums, we arrive at the quantum value (32 + 4/3)I, which gives a state-independent violation of the inequality. Even more recently, the authors of this paper have noted [49] that a better inequality is possible. The bound can be improved by optimizing the coefficients and the bound using
for all a i ∈ {±1}.
One then obtains
Theorem (Kleinmann, Budroni, Larsson, Gühne, Cabello, 2012 [49] ): Any noncontextual hidden-variable model (with ±1 outcomes) would obey Both of these are improvements to the earlier bound in the sense that the violation is larger, both in absolute value, and relative to the bound.
MAXIMAL VIOLATION BY QUANTUM MECHANICS
One remaining worry is that these values are far from the algebraic maximum that can, in principle, be reached by a general (contextual) HV model:
Compare this with the Bell inequality, where a nonlocal (but non-signaling) HV model reaches the algebraic maximum:
The model in question is called Popescu-Rohrlich boxes (PR boxes [50] ), and are constructed to be nonsignaling, 
where ECHV denotes Expectation-Conserving (Contextual) Hidden Variables. Apparently, QM violates the inequality as much as is at all possible, given that it preserves the expectation values independently of the context.
CONCLUSIONS
In this short note we have seen that the Yu-Oh set and inequality have many interesting properties. We have also seen that there are better inequalities for this set, giving higher relative violations. Finally, we have noted that the QM violation is maximal, when expectation values are conserved (are non-contextual). No doubt there is still much to learn here.
